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Design and Performance Analysis of Hexagonal
Transmon Qubit in a Superconducting Circuit

Seong Hyeon Park, Jeseok Bang, Soobin An, and Seungyong Hahn

Abstract—Superconducting quantum bits (qubits) are con-
sidered as promising candidates to serve as a platform for a
quantum information processor. For the realization of practical
quantum computing devices, scalable designs and long lifetimes
of qubits are required. In this paper, we present simulation results
of ”hexagonal” transmon qubit in a superconducting coplanar
waveguide (CPW) resonator. We conducted finite-element method
simulations considering dielectric losses including the two-level
system (TLS) loss to evaluate the performance of the qubit in a
practical sense. Then, key parameters of a qubit in superconduct-
ing circuits - including lifetime, coupling strength, and energy
levels are estimated by the black-box quantization method or
by solving circuit quantum-electrodynamics (cQED). Finally, the
geometric features and key parameters of the qubit are suggested
for typical quantum information processing applications.

Index Terms—Transmon, black-box quantization, circuit QED,
superconducting CPW resonator.

I. INTRODUCTION

W ITH the recent experimental demonstration of quantum
supremacy [1], the expectation that quantum algo-

rithms can be executed on quantum information processor is
not an unrealistic dream anymore. Among many candidates
for quantum computing platforms, a superconducting circuit
with quantum bits (qubits) has been considered as one of
the most promising candidate for the scalable and practical
quantum computer with the strengths of artificially tunable and
nonlinear characteristics of Josephson junctions (JJs) [2], [3].
However, two-level system (TLS) loss [4] with low power in-
put (about single photon energy level) and at low temperatures
is known to be the major limiting factor to the quality factor
(Q-factor) of a superconducting resonator or a superconducting
qubit [5]–[8]. To mitigate TLS loss, surface treatment method
[9], [10], changing the materials with low TLS loss [11]
and 3D transmon qubits [12] have been tried and achieved
remarkable improvements in qubit lifetimes. Especially, 3D
transmon qubits in cavity resonators show longer lifetimes
compared to 2D planar transmon qubits [13] by the different
strength of the electric field in the regions of layer interfaces
and the reduced coupling to the TLS. However, the bulk size
of 3D cavity resonator hinders scaling up the number of 3D
transmon qubits to operate multi-qubit operation. Therefore,
an attention has been brought out regarding the geometry of
a 2D planar transmon qubit to achieve longer lifetime with
scalable designs.
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In this paper, simulation results of the performance of a
hexagonal transmon qubit coupled to a superconducting copla-
nar waveguide (CPW) resonator are presented. In section II,
designs and fundamental parameters of superconducting CPW
resonator and the qubit are introduced. To estimate the lifetime
of the qubit and the coupling strength, black-box quantization
theory [14] and circuit quantum electrodynamics (cQED)
analysis are introduced in section III. At last, we compare
the loss factors due to TLS layers of the qubit by changing
designs focusing on the lifetime improvement.

II. COMPONENTS IN A SUPERCONDUCTING CIRCUIT

A. Superconducting CPW Resonator

Superconducting CPW resonators have advantages [15] with
respect to applications in quantum information processing:
1) small size of a few millimeters to operate at microwave
frequencies; 2) high internal quality factor (Qint); and 3)
strong coupling strength to qubits in cQED demonstrations.
At low temperatures far below the critical temperature of a
superconductor, the Qint of the superconducting circuits can
be expressed as follows [16]:

Q−1
int = Q−1

qp +Q−1
TLS +Q−1

rad + · · · , (1)

where Qqp, QTLS, and Qrad are Q-factors due to quasipar-
ticle losses, TLS losses, and radiation respectively. At low
temperatures and small power input, QTLS can be the major
contribution [17] to the loss in low impedance superconducting
circuits [18]. Typically, TLS defects are assumed to intensively
lie in amorphous substrate-metal (SM), substrate-air (SA), and
metal-air (MA) interfaces [19]. At low temperatures with small
power input, QTLS of TLS layer is:

Q−1
TLS = Q−1

SM +Q−1
SA +Q−1

MA +Q−1
sub, (2)

Q−1
i = pi tanδ

0
i , (3)

where pi is the energy participation ratio [20]–[22] and tanδ 0
i

is the loss tangent of TLS layer of i.
Calculation results of key parameters of superconducting

niobium CPW λ/4-resonator on high pure sapphire substrate
operating at 15 mK are shown in Table I. The geometric
inductance (Ll), capacitance (Cl) and kinetic inductance (Lk)
are calculated through the methods in [16], [23]. Parameters
of superconducting niobium and sapphire substrate are taken
from [24]–[26] and the TLS parameters of the relative permit-
tivity (εr), loss tangent (tanδ 0) are taken from [27], [28] while
the thickness (t) of SM, SA and MA layers are assumed to be 2
nm, 5 nm and 5 nm respectively in this study. We assumed that
the sapphire has isotropic properties and the ratio between the
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TABLE I
PARAMETERS OF SUPERCONDUCTING NIOBIUM CPW λ/4-RESONATOR. THE RESONANT FREQUENCY (ωr/2π ) IS ASSUMED TO BE 8 GHZ.

Sapphire SM Layer SA Layer MA Layer CPW Geometry CPW Parameters TLS Q-factor
tanδ0 10−9 tanδ0 0.0013 tanδ0 0.00031 tanδ0 0.0015 S 9 [µm] Cl 162 [pF/m] QSM 1.01×106

εr 11.5 εr 11.5 εr 9 εr 33 W 6 [µm] Lk 7.70 [nH/m] QSA 2.52×106

t 500 [µm] t 2 [nm] t 5 [nm] t 5 [nm] tsc 200 [nm] Ll 421 [nH/m] QMA 2.19×107
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Fig. 1. Ql of the superconducting Nb CPW λ/4-resonator as a function of
Cg. The dashed line represents the Qint of the resonator which is calculated
as 6.9× 105. Due to the small tanδ0 of sapphire, we assumed that the SM,
SA and MA layers are the major contributions to the QTLS.

center strip width (S) and gap width (W ) of superconducting
CPW structure is chosen to be 3:2 to match the characteristic
impedance (Z0) of the CPW resonator in a value of 50 Ω

while the thickness of superconducting layer (tsc) is fixed as
200 nm. The pi and corresponding QTLS are calculated by
FEM simulations. When the superconducting CPW resonator
is capacitively coupled to a transmission line, the loaded
quality factor (Ql) can be simplified as Q−1

l = Q−1
int +Q−1

e ,
where Qe is the external Q-factor determined by the choice of
the coupling capacitance (Cg) between the transmission line
and the CPW resonator. The Ql of the superconducting Nb
CPW λ/4-resonator in Table I is shown in Fig. 1.

B. Superconducting Transmon Qubit

A novel approach in qubit design to suppress the effect of
flux noise by introducing additional shunted capacitor to flux
qubit was proposed by J.Q. You et al [29] in 2007. Likewise,
a transmon qubit is widely used as an artificial two-level
system, which has been introduced by J. Koch et al [30]. The
transmon qubit where Josephson junction (JJ) is coupled to a
shunt capacitor (Ch) which exponentially suppresses the charge
dispersion while the anharmonicity decreases algebraically.
In Fig. 2, a simplified lumped element circuit diagram for
a transmon qubit coupled to a resonator is presented. In the
dispersive limit when the detuning between the state transition
frequency of the qubit and the resonator is significantly larger
than the qubit-resonator coupling strength (g), the effective
Hamiltonian (Ĥeff) of the circuit can be simplified in the
rotating wave approximation as follows [31]–[33]:

Ĥeff = h̄(ωr +χσ̂z)â†â+
h̄
2
(ω01 +χ)σ̂z, (4)

χ ≈− g2EC

∆(∆−EC)
, (5)

Fig. 2. Lumped element circuit diagram for a transmon qubit and a resonator
capacitively coupled to a transmission line. A Josephson junction in the
transmon qubit is denoted with ”X” symbol. Loss factors of a resonator and
a transmon qubit are denoted with Rr and Rh respectively.

where h̄, EC, and χ indicate the reduced Planck’s constant,
charging energy of the qubit, and dispersive shift respectively.
The operators of â† and â are the annihilation and creation
of a photon while σ̂z is Pauli matrix z component. In (5),
∆ indicates the differences between the ground to exited
state transition angular frequency of a qubit (ω01) and the
resonator frequency (ωr). At transmon regime EJ/EC � 1
where EJ is JJ’s energy, the nth energy levels of a qubit can
be approximated by [30]:

En ≈−EJ +
√

8EJEC(n+
1
2
)− EC

12
(6n2 +6n+3). (6)

Thus, the anharmonicity (α) can be simplified as α ≈ −EC
for the transmon qubit. A transmon qubit is usually realized
by interdigitated capacitor [34], parallel pad capacitor [35],
Xmon [36], and coaxial capacitor [37]. In this study, we design
hexagonal transmon qubit in terms of the simple geometry and
compact size to achieve typical EC. We performed numerical
analysis on the qubit to study the surface losses in a hexagonal
geometry as shown in Fig. 3. Here, we chose the critical
current Ic = 60 nA and the junction capacitance CJ = 1 fF of
JJ for typical values [14], [38]. Then, we designed the qubit
to have the charging energy about 200 MHz with the EJ/EC
ratio to be greater than 100. In terms of superconducting circuit
analysis, resonant frequency (ωr/2π) of superconducting CPW
λ/4-resonator is chosen to have ∆/2π ≈ 2 GHz while the
gate capacitance Cc between the resonator and the qubit is
tuned to have g/2π ≈ 90 MHz by changing g1 in Fig. 3(b).
Parameters of superconducting circuit are derived by black-
box quantization theory [14] and compared to cQED analysis.

III. PERFORMANCE ANALYSES OF HEXAGONAL QUBIT

A. Hexagonal Qubit Analysis

We conducted simulations in 3D finite-element-method
(FEM) program in consideration of the superconducting char-
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Fig. 3. 3D-modeling in FEM program (COMSOL Multiphysics). (a) The qubit
is capacitively coupled to a superconducting CPW λ/4-resonator. The CPW
resonator is capacitively coupled to a transmission line with input and output
terminals (Z0 = 50 Ω). (b) The inner capacitor is connected to the ground
layer by JJ in the qubit. The purple area represents superconducting layer in
this figure. r1 is the inner length and r2 is the outer length of the hexagonal
capacitor. g1 is the width of the ground superconducting layer between the
qubit and the CPW resonator to control the coupling strength.

acteristics of a finite kinetic inductance Lk ∝ 1/σ2 derived from
the complex conductivity (σsc) [39]:

σsc(ω,T ) = σ1− jσ2, (7)

where σ1 and σ2 are the real and imaginary part of supercon-
ductor’s conductivity derived by solving the kernel functions
of the Mattis-Bardeen theory [40]. The dielectric parameters of
the substrate and TLS layers are chosen as shown in Table I. To
consider the losses from thin TLS layers of a few nm scale,
we defined boundary interfaces for the TLS layers between
the superconducting layers and the bulk substrate/vacuum
to avoid the meshing problems and we extracted pi of the
TLS layers by the surface integral of electric field energy on
the boundary interfaces respectively with the electromagnetic
wave solver. We assumed that the electric field doesn’t vary
across the thin thickness t of the TLS layers so that pi
can be derived [22]. The pi of the layers of the qubit as a
function of r1 and r2 is shown in Fig. 4(b). pSM, pSA and
pMA of r1 = 110 µm hexagonal geometry drop about 3, 10
and 2 percents respectively compared to that of r1 = 90 µm
geometry.

B. Superconducting Circuit Analysis

To simulate the entire superconducting circuit, thin super-
conducting layers are modeled with transition boundary con-
dition by imposing σsc(ω,T ) from (7) for 200 nm thickness.
To extract the coupling parameters, a lumped port at JJ in the
qubit was defined to calculate the admittance of the system
(Ysys) as shown in Fig. 3. Then, the total admittance (Ytot) can
be derived by adding the admittance of JJ (YJJ) as follows [14]:

Ytot = Ysys +YJJ, (8)

Ysys = ∑
p

jωCp +
1

jωLp
+

1
Rp

;YJJ = jωCJ +
1

jωLJ
, (9)

where, LJ is the inductance of JJ. The resonant frequency
of the mode p can be determined as ωp = (LpCp)

−1/2. The
effective resistances (Rp) are given by Rp = 1/ReY (ωp) and
the effective capacitancecs (Cp) are determined as the deriva-
tive form of Cp = ImY ′(ωp)/2. The effective inductances (Lp)

100 150 200 250

120
15018

021
0

24
0

r 2 
- r

1 (
μm

)

2

4

6

8

10

r1 (μm)
80 90 100 110 120 130 140 150

EC (MHz)

(a)

r1 = 90 μm, SA
r1 = 90 μm, SM
r1 = 90 μm, MA

r1 = 110 μm, SA
r1 = 110 μm, SM
r1 = 110 μm, MA

P i

10−5

10−4

10−3

r2 - r1 (μm)
2 4 6 8 10

(b)

Fig. 4. (a) EC of hexagonal qubit as a function of geometric parameters of
r1 and (r2−r1). (b) Energy participation ratios of TLS layers. Red solid lines
are for r1 = 110 µm while blue dotted lines are for r1 = 90 µm geometry.
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Fig. 5. Real and imaginary parts of the total admittance plot versus frequency.
A zero crossing frequency at 6.52 GHz refers to the qubit frequency while
the resonant frequency of the CPW resonator occurs at 8.54 GHz.

can be determined from the resonant frequency at mode p.
With the definition of the Q-factor for a parallel RLC circuit
as Q = ωRC, the Purcell limited Q-factor (QPurcell) can be
calculated at the qubit frequency (ωqb). The total admittance
from JJ of the qubit of r1 = 110 µm, r2 = 120 µm, and
g1 = 20 µm when pi of TLS layers are minimum is shown
in Fig. 5. The dispersive shifts and the anharmonicity can be
estimated by the self (χpp) and cross (χpp′ ) Kerr shifts in [14].
The χpp of mode p and χpp′ between p and p′ can be written
as:

χpp =−
(

e
ωpCpϕ0

)2 EJ

2
; χpp′ =−2

√
χppχp′p′ , (10)

Authorized licensed use limited to: University of Cape Town. Downloaded on May 15,2021 at 08:20:23 UTC from IEEE Xplore.  Restrictions apply. 



1051-8223 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TASC.2021.3070469, IEEE
Transactions on Applied Superconductivity

IEEE TRANSACTIONS ON APPLIED SUPERCONDUCTIVITY, VOL. ??, NO. ??, MONTH 2021 4

TABLE II
KEY PARAMETERS OF THE HEXAGONAL QUBIT COUPLED TO

SUPERCONDUCTING CPW λ/4-RESONATOR IN FIG. 5. VALUES IN () ARE
DERIVED BY CQED ANALYSIS.

Parameters Values Parameters Values

EC [MHz] 189(188) Ql 1.96×104

EJ/EC 157(158) QSM 3.35×106

ωr/2π [GHz] 8.54(8.44) QSA 7.92×106

ω01/2π [GHz] 6.52(6.50) QMA 6.55×107

χ/2π [kHz] -494(-526) Γ
−1
Purcell [µs] 160(139)

g/2π [MHz] 95.4(98.6) T1 [µs] 40.9(39.4)

by the relations of charging energy e2/2CJ and the inductance
LJ = ϕ2

0/EJ of JJ. Here, ϕ0 is the reduced flux of quantum and
e is the elementary charge. The estimated χ and EC of the qubit
are -494 kHz and 189 MHz respectively which are sufficient to
measure the qubit state in the dispersive readout. To verify the
key parameters estimated by the black-box quantization theory,
we performed cQED analysis. We defined JJ as the lumped
element of parallel LC oscillator with LJ and CJ to extract the
individual parameters of capacitance and resonant frequency.
In the transmon regime, the charging energy of the qubit EC =
e2/2C∑ where C∑ is the total capacitance of the qubit. Since
the state frequency of the qubit can be approximated as shown
in (6), EC is calculated by solving eigenfrequency study in
FEM program. The frequencies of the qubit and the resonator
are calculated as 6.50 GHz and 8.44 GHz respecitively. The
coupling strength (g) between the qubit and resonator can be
derived by the following equation [30]:

g =
2
h̄

√
1
2
(βeVrms)

(
EJ

8EC

)1/4

, (11)

where β = Cc/CΣ, the gate capacitance (Cc), and the root-
mean-square voltage of the resonator Vrms =

√
h̄ωr/2Cr.

For the superconducting CPW λ/4-resonator, Vrms is cal-
culated as 3.33 µV by using the values in Table I. The
gate capacitance (Cc) between the qubit and the resonator is
calculated as 3.89 fF by FEM program. By calculating the
Ql of the CPW λ/4-resonator, the coupling capacitance (Cg)
between the transmission line and the CPW λ/4-resonator can
be determined as shown in Fig. 1. Finally, in consideration of
various loss channels in a superconducting circuit, T1 of the
qubit can be expressed similar to (1) as [21], [30]:

T−1
1 = Γqp +ΓTLS +ΓPurcell + · · · , (12)

ΓPurcell = κ
g2

∆2 ;ΓTLS =
ω

QTLS
, (13)

where ΓPurcell is the relaxation due to Purcell effect and ΓTLS
is the relaxation due to TLS losses. Here, Γqp is the relax-
ation due to quasiparticle tunneling effect [41] which is not
considered in this study compared to ΓPurcell or ΓTLS for low
impedance superconducting circuits at low temperatures. With
the coupled resonator decay rate κ =ωr/Ql , the relaxation due
to Purcell effect can be calculated.

To consider the relaxation due to TLS losses, the partic-
ipation ratios and the corresponding quality factors of SM,

SA, MA, and the substrate are calculated by (2). The QTLS
is calculated as 2.27×106 corresponding to the relaxation
rate due to TLS loss as 55.1 µs. The key parameters of the
qubit coupled to the CPW λ/4-resonator derived by black-
box quantization theory and cQED analysis are summarized
in Table II.

IV. DISCUSSION

As shown in Table II, The estimated longest lifetime of
the qubit (r1 = 110 µm; r2 = 120 µm; g1 = 20 µm) is about
40 µs in consideration of TLS losses from MS, MA, and SA
layers. The estimated key parameters of a superconducting
circuit composed of the qubit and superconducting CPW λ/4-
resonator show good agreement between the two methods.
Comparing T1 with that of the state-of-the-art qubits [42], fur-
ther geometry optimizations and adjusting the target coupling
parameters are necessary to reduce the energy participations
of SM and SA layers which are the major loss contributions
of the hexagonal transmon. As shown in Table II, loss due to
Purcell effect also contributes to the overall T1 fairly. Thus,
suppressing the loss due to Purcell effect should be achieved.
For example, Purcell effects can be effectively avoided without
mitigating the qubit quantum nondemolition readout [43] or a
bandpass Purcell filter can be used to allow fast measurement
without increasing the environmental loss with a transmission
line stub by matching the admittance value as purely imaginary
as possible [44], [45]. Besides, the lifetimes of qubits can be
further improved by changing the superconducting materials
or the bulk substrate. Recent study [46] has shown that the su-
perconducting titanium-nitride (TiN) on high pure silicon (Si)
substrate has relatively smaller TLS loss factors compared to
superconducting niobium on sapphire substrate. The dielectric
loss tangents of MS, MA, and SA layers of TiN-Si structure
are reported [46] as tanδ 0

SM = (4.8± 2)× 10−4, tanδ 0
SA =

(1.7± 0.4)× 10−3 and tanδ 0
MA = (3.3± 0.4)× 10−4 while

εSM = 11.4ε0, εSA = 4ε0, εMA = 10ε0 and the thickness of
all TLS layers are assumed to be 2 nm. The QTLS of TiN-
Si hexagonal qubits is 3.13×106 so that the estimated Γ

−1
TLS

by (13) is about 76.7 µs which is about 1.5 times of that
of the current superconducting niobium on sapphire structure.
Besides, by etching the substrate layer exposed to the vacuum,
it is possible to control the participation ratio of TLS layers
[47]. Therefore, the lifetime of hexagonal qubits can be
improved with different materials and geometries by changing
the target resonant frequency and the coupling strength.

V. CONCLUSION

In this paper, we studied hexagonal transmon qubit designs
with a sufficiently large lifetime about 40 µs compared to
traditional transmon qubit designs such as Xmon or interdigi-
tated capacitor qubit. With a simple but small size of hexagonal
design, not only the possibility of building a scalable quantum
circuit but also conducting quantum emulation of a spin system
[48] or memories [49] can be expected. Further explorations
of optimizing the design and materials are required to be a
good candidate for the next generation of multi-qubit quantum
information processing devices.
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